
TABLE A2. DISPERSION COEFFICIENTS FOR MODELS I11 AND IV TABLE A4. DISPERSION COEFFICIENTS FOR MODELS VII AND VIII 

Model I11 Model IV 
U(n) D(n )  utn) D(n )  

(cm/s) x 60 (cm2/s) X 60 (cm/s) x 60 (cm2/s) X 60 

0.739 0.0177 0.877 0.139 
0.350 0.00800 0.550 0.0920 
0.908 0.0224 1.20 0.199 
0.154 0.00297 0.350 0.0625 
1.24 0.0360 0.151 0.0291 
0.901 0.0234 0.548 0.0899 

TABLE A3. DISPERSION COEFFICIENTS FOR MODELS v AND VI 

Model V Model VI 
W n )  D ( n )  u ( n )  D(n )  

(cm/s) x 60 (cm2/s) x 60 (cm/s) x 60 (cm2/s) X 60 

0.721 0.446 0.874 0.0705 
0.877 0.640 0.550 0.0533 
0.156 0.0732 0.357 0.0264 
0.358 0.176 0.155 0.0152 
1.21 0.826 1.20 0.0799 
0.565 0.363 0.560 0.0551 
0.362 0.185 0.739 0.0613 

Model VII Model VIII 

(cm/s) x 60 ( cm2/s) x 60 ( cm/s) x 60 ( cm2/s) X 60 
u ( n )  D ( n )  U(n) Dh) 

0.819 0.0249 0.902 0.277 
1.20 0.0309 0.566 0.106 
0.548 0.0110 0.155 0.0359 
0.351 0.00936 0.360 0.053 
0.157 0.00304 
0.565 0.0155 
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Stochastic Models of Algal Photosynthesis 
in Turbulent Channel Flow 

Models have been formulated and analyzed for photosynthesis by algae 
in turbulent, channel flow. Analytical and computational results for different 
stochastic, kinematic models of algal motion have been obtained for two 
different rate mechanisms. The results indicate that turbulent mixing can 
achieve an increase in the rates and efficiencies of photosynthesis by real- 
izing the intermittency effects. Optimum levels of turbulence are shown 
to exist in turbulent channel flow for the mass cultivation of algae. The 
methodology of this paper is relevant to photochemical reactions in general. 

SCOPE 
Mass cultures of algae have been of interest to engi- 

neers as a possible supplemental protein source; for the 
production of enzymes, vitamins, and other biochemicals; 
as nitrogen fixers in fields for agricultural cultivation; as 
photosynthetic gas exchangers in life-support systems; 
etc. An essential feature of algal growth is the photo- 
synthetic activity of the cells which converts carbondioxide 
and water with the aid of absorbed visible radiation into 
cellular material and oxygen. There are two aspects of 
algal photosynthesis which are important to the mass 
cultivation of aIgae. First, the photosynthetic rate in- 
creases with the amount of light intensity but eventually 
tapers off to a maximum value. Second, photosynthesis 
involves light and dark reactions in sequence so that a 
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suitable flashing light pattern may increase the efficiency 
of light utilization measured by the photosynthetic yield 
relative to the energy consumed by the culture. Since 
algal cultures must of necessity be dense to provide for 
adequate absorption of light, cells removed from the 
surface exposed to light would receive relatively less radia- 
tion than those at the surface. If cells in the interior must 
receive adequate radiation, those at the surface would 
have to receive more than they need. Thus a compromise 
must be struck between low efficiency of energy utiliza- 
tion at the surface and low photosynthetic rates in the 
interior of the culture. 

In view of the advantages which may accrue from 
suitable intermittent light patterns, the question has been 
raised as to whether naturally occurring turbulence in 
various flow situations would serve the purpose of expos- 
ing cells in the interior to better lighting conditions and 
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to transport cells between regions of varying light intensity 
in a suitably intermittent manner. 

Turbulent channel flow, which offers an attractive pros- 
pect for mass cultivation of algae, is the subject of this 
work. Models are proposed for the kinematics of algal 
motion in turbulent channel flow, which vary in detail 
from one which uses purely random motion described by 
white noise to one which incorporates available hydro- 
dynamic information about turbulent channel flow. The 
advantage of white noise lies in the analytical tractability 
of the models based on it, although this gain must be 
weighed with the expense of realism, The more realistic 
modeIs do not submit to analytical treatment so that 
suitable Monte Carlo simulation methods based on appro- 
priate numerical algorithms provide the sole route to 

quantitative assessment of such models. In this work, the 
Yoklter-Planck equation (which is satisfied by the prob- 
ability density of the solution process) is solved analyti- 
cally to evaluate the white noise model, and an algorithm 
due to Rao et al. has been used to solve the more com- 
plicated models based on turbulent hydrodynamics. Photo- 
synthetic rates for turbulent flow have been evaluated 
and compared with those for stagnant cultures. 

In comparing photosynthetic rates and efficiencies of 
energy utilization, quantities both at the microscopic and 
macroscopic levels have been used. The microscopic quan- 
tity represents the time averaged value for a cell with a 
stated average position in the culture, and the macro- 
scopic quantity is the space averaged value of the micro- 
scopic quantity. 

CONCLUSIONS AND SIGNIFICANCE 

The kinematics of algal motion in turbulent channel 
flow has been modeled based on the assumption of neg- 
ligible inertia in various ways differing in the degree of 
detail. All the models predict an improved rate of photo- 
synthesis in turbuIent flow over those in stagnant cultures 
or in streamlined flow with no transverse mixing. The 
level of improvement depends critically on the light in- 
tensity and the culture density. 

The microscopic photosynthetic rate and efficiency of 
energy utilization is critically dependent on not only the 
light intensity and the culture density but also on the 
mean position of the cell with respect to the illuminated 
surface. Thus, lower light intensities, higher culture den- 
sities, and distance from the surface up to a limit all 
enhance the photosynthetic rate and efficiency. This en- 
hancement ranges from marginal to a nearly twofold 
increase over those in flows without transverse mixing. 

In some cases, where cells are close to the surface, there 
is a drop in photosynthetic rate. Whether or not there 
is an improvement in the macroscopic photosynthetic rate 
and efficiency of energy utilization depends on the cul- 
ture density, light intensity, and depth of the channel. 
The white noise model predicts over a 50% enhancement 
of the macroscopic rate, efficiency, and productivity, in- 
dicating the merits of increased turbulence. The more 
detailed models relate the microscopic photosynthetic rate 
to Reynolds number and determine situations under which 
improved rates are obtained. Although the macroscopic 
rates could not be explicitly computed for these models, 
calculations of microscopic rates indicate sizable increase 
in photosynthetic rate. 

Thus mass culturing of algae in channels under turbu- 
lent flow conditions appears to be an attractive prospect. 
The methodology in this paper is particularly useful for 
photochemical reactions in general. 

PREVIOUS WORK 

Fredrickson and Tsuchiya (1970) have provided a 
comprehensive review of the various aspects of algal 
photosynthesis, such as kinetics, light intermittency effects, 
and about different experimental and mathematical work 
directed towards the cultivation of algae under different 
flow conditions. It is therefore not necessary to discuss 
them here in any detail. It is fair to conclude that the 
advantages of turbulence in improving photosynthetic 
rates and efficiencies of utilization of light energy have 
been subject to conflicting verdicts by different workers. 
Of course, some of these could have arisen because of a 
difference in flow configurations and dimensions of equip- 
ment, both of which could profoundly affect the results. 

Powell et al. (1965) have analyzed the effect of turbu- 
lence in a flat channel, illumiAated from both sides. The 
motion of algae was modeled as a ten-state Markov 
process, in which as a cell moves a step forward there is a 
probability that it may also move up or down. The Mar- 
kov-transition probability matrix was calculated by cor- 
relating it to Prandtl's mixing length theory of turbulent 
momentum transport. Powell et al. (1965) found that opti- 
mum transit time couId be found from Iight to dark but 
with too large a variance. Thus, cells may commute be- 
tween light and dark regions too frequently, which led 
to their suggestion that turbulence was unsuitable. How- 
ever, they did not calculate the rates and efficiencies of 
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photosynthesis. We contend that it is unrealistic to expect 
that any given turbulent flow would yield a preconceived 
optimum intermittent light pattern and that the effective- 
ness of turbulence in improving photosynthetic rates can 
only be determined by a direct calculation. Gordon (1972) 
used an approach similar to that of Powell et al. (1965) 
and predicted increased efficiencies of photosynthesis. 
However, Gordon did not relate the stochastic matrix to 
hydrodynamic parameters. 

Fredrickson, Brown, Miller, and Tsuchiya (1961) used 
the kinetic expression of Lumry and Rieske to obtain ana- 
lytic expressions for the efficiency of photosynthesis in a 
rectangular growth chamber. They considered two extreme 
cases; one was an unstirred culture and the other was a 
perfectly stirred culture. In the first case, each cell carries 
out photosynthesis at the rate corresponding to the local 
intensity. In the second, the mixing is assumed to be so 
vigorous that all the cells carry out photosynthesis at the 
space averaged light ifitensity. The rates in the well- 
stirred case were found to be much higher, although no 
particular increase in efficiency was noted. Of course, the 
intermittency effect is not accounted for in the work of 
Fredrickson et al., but it does point to the advantages of 
mixing. 

In the present work, algal photosynthesis is analyzed in 
turbulent channel flow using the kinetic expression de- 
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veloped by Lumry and Rieske (1959) and that due to 
Tamiya (1949), which are presented below. The over- 
all reaction of photosynthesis is 

hv 
n C 0 2  + n HzO - [CH201n + n 0 2  

chlorophyll cellular 
enzymes, etc. material 

Lumry and Rieske (1959) proposed the following mecha- 
nism: 

(Light reaction) 

kD 
H2O + To* T + H + OH (Dark reaction) 

H + Oxidant -+ Reduced oxidant + Products (Fast) 

4 OH + 0 2  + 2 H20 (Fast) 

In the above scheme, T represents the trapping centers for 
excitation energy hv. These trapping centers are pigment 
molecules such as chlorophylls, enzymes, etc. The rate of 
photosynthesis, Rp, is given by kD[T'], where [ T " ]  is 
the concentration of successful trapping centers, which 
satisfies the differential equation 

d 
dt 

- [ T o ]  = k ~ 1 [ T ]  - ~ D [ T " ]  

= k ~ I { [ T l o  - [ T " ] }  - ~ D [ T " I  (1) 
Tamiya (1949) gives a somewhat more detailed mecha- 

nism: 

kJ s 4 S' 
kl 

S '+  E l * S +  Ez 
k 2  

E2+ El  + Products 

S' + S' + 2s 

where S represents the photosynthetic sensitizers such as 
chlorophylls, carotenoids, etc.; El are enzymatic compo- 
nents which accept the excitation energy from activated 
sensitizers S' to form E2. The sums [ S ]  + [S ' ]  = C and 
[ E l ]  + [ E z ]  = E are assumed constant in the cell. The 
rate of photosynthesis is given by k z [ E z ] ,  where [Ez]  de- 
rives from the solution of the equations 

ks, 

UC 

dE = k l [ S ' ] { ~  - [ E z ] }  - kZCE2I 
dt 

Both mechanisms account for the saturating influence of 
light on photosynthetic rate and the sequential nature of 
light and dark reactions so that they can predict the inter- 
mittency effects referred to earlier. 

STOCHASTIC MODELS OF ALGAL MOTION 
IN C H A N N E L  FLOW 

For a uniform light intensity on the top surface of the 
channel, the light intensity in the interior of the flow can 
be calculated as a deterministic function of position using 
Lambert-Beer's law. Thus, for distance z measured from 
the channel surface into the flow, we may write the local 
intensity as 

I ( z )  = 1, exp (--rS~z) (4 )  
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the channel 
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ModelB -Cycle t ime T- 0 

Fig. 1. The models for the motion of an algal cell in turbulent chon- 
nel flow. 

Since the light intensity is a function of vertical distance 
alone from the illuminated channel surface, it is only the 
z coordinate of the cell that is of direct interest to us. In 
steady, turbulent channel flow it is well known that the 
time smoothed vertical component of velocity is zero. If 
the algae are presumed to possess negligible inertia, then 
the kinematic equation 

- dZ = u, = u,' 
dt 

where u,' is the velocity fluctuation, implies that 

a -  - = u,' = 0 
dt 

( 5 )  

in which the overbars signify the time smoothing opera- 
tion. Equation (6) shows that the average position of any 
given cell does not vary with time. 

We will consider various models of increasing detail for 
the algal trajectory. In all models, however, we remain 
oblivious to the x and y coordinates of the cell; insofar as 
v,l may be statistically correlated to v,' and o;, some in- 
exactness has been permitted by this procedure. 

If we write 
Z ( t )  =z+ Z'(t )  (7)  

then, from Equation ( 5 ) ,  we must have 
t 

z ' ( t )  = v,' d f  

The light intensity seen by a cell at Z ( t )  is clearly 

I [ z ( t ) l  = 1, exp {- PP tr+ z ' ( t ) I }  (9)  
To calculate the instantaneous photosynthetic rate, (9) 
must be inserted in Equation ( l ) ,  if the Lumry-Rieske 
mechanism is of interest, or into Equation (2),  if Tamiya's 
mechanism is to be used. 

We will be concerned with models for Z'(t )  either di- 
rectly or through modeling of 0: [see Equation (8) 1. Be- 
fore proceeding, we observe that the time smoothed mac- 
roscopic photosynthetic rate may be calculated by inte- 
grating the time smoothed microscopic rate at  various 
mean positions 

We first consider two very idealized models referred to 
as A and B. Model A assumes that 

and integrating over the channel width. 

Z ' ( t )  = f ( t )  (10) 
where [ ( t )  is white, Gaussian noise with the properties 

E [ f ( t ) l  = 0 E['$(t)  f ( t  + . ) I  = d a ( T )  (11) 
We refer to Wong (1971) for more details. Equation (11) 
shows that [ ( t )  is an uncorrelated random process. For 
any fixed t ,  f has a Gaussian distribution with zero mean 
and variance 3. 
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Model B pictures the motion of an algal cell as con- 
sisting of small deviations u on either side ot the mean path 
as shown in Figure 1. These deviations are to be very small 
to approximate turbulent flow conditions at least crudely. 
As against the premise of model A, model B views the mo- 
tion of the cell as totally correlated. 

Clearly, both models A and B are very unrealistic. There 
is no random process u l  that will yield white noise through 
Equation (8). Also, turbulent flow cannot be totally cor- 
related as in model B. What makes the analysis of models 
A and B worthwhile is that turbulent flow must be some- 
where between uncorrelated and correlated motion. Thus, 
the predictions of these two models could establish limits 
within which the true results must lie. Furthermore, models 
A and B can be handled analytically without numerical 
methods for solving the stochastic differential equations. 
We discuss only the methods for model A. Model B is 
handled by an entirely different technique called the re- 
laxed variational analysis due to Warga (1961), which is 
an effective technique for dealing with the behavior of 
dynamical systems under the influence of rapidly switch- 
ing controls. We will not go into this technique here but 
will present the results of calculations made on model B. 

The Lumry-Rieske kinetics for photosynthesis has been 
used for both models A and B. 

MODEL A 

This model can be neatly handled by analytical means 
if the light intensity (9) can be linearized in a statistical 
sense identical to that used by Pel1 and Aris (1969).* 
Thus, we write 

where .$'( t )  , although only approximately Gaussian, may 
be regarded as Gaussian, white noise with zero mean and 
variance to be identified presently. The mean value I ( 4  
u2) of Z is given by 

T(zS) = ~ { ~ , e x p  [ - p p ( Z + ~ ) ] }  

I [ Z ( t ) ]  =T (Z "2) + f ( t )  (12) 

- -  

The variance of .$' ( t )  is now computed from 

E [ F ( t ) ' ]  = E ( I [ Z ( t ) ]  -7 (Z, "2))' = 2 D1 

where 

2 D1 = 1 2 ( q  [exp (2 f12p22)  - exp ( p 2 p 2 2 ) ]  (14)  
Equation ( 1) may now be rewritten, using (12) and (13),  
to obtain, in dimensionless form 

dx  

d t  
- = k ~ . T i ( Z , c ? ) ( l - ~ )  - k D X + k ~ ( l - x ) f ( t )  

(15) 
Equation (15) is a stochastic differential equation or the 
Langevin equation, which has been the subject of consid- 
erable discussion (Mortensen, 1969; Wong, 1971; Rao et 
al., 1 9 7 4 ~ )  with respect to its alternative but not equiva- 
lent form called the Ito form: 

~ ( t )  = x ( o )  + s," [ k L T ( Z 2 ) ( 1 - - )  -kDxldt' 

*This linearization is unnecessary for model B so that it is not em- 
ployed there. 

+ s,' kL(1- x) \ / Z T d W ( t ' )  (16) 

Here d W ( t )  is called the standard Wiener process with 
zero mean and unit variance. We will not dwell on the 
intricacies of the relationship between (15) and (16) here 
but will recognize their differences by calling (15) the 
white noise model and (16) the Ito model. 

Now, the solution of either of Equations (15) and (16) 
is a Markov process whose time varying probability density 
satisfies a partial differential equation called the Fokker- 
Planck equation (see Wong, 1971 ) . The Fokker-Planck 
Equation for (15) is given by 

while Equation ( 16) has the Fokker-Planck equation 

1 a 2  

2 ax2 
t - - [ k ~ ~ (  1 - 201 P ( S  t 1 xo, t o ) ]  (18) 

Equations (17) and (18) differ in the first term on the 
right-hand side that brings out the nonequivalence of 
Equations (15) and ( 16).  From either equation, the ex- 
pected or average value of x, denoted M ,  is obtained by 
taking the first moment of the equation. Thus, for the white 
noise model, one obtains 

- kL2D1 - kL2D1Mz (19) 
with a steady state value 

The Ito model, on the other hand, gives 
- = k L Z ( Z , 2 ) ( 1 - M Z )  dMz - -  -kDMZ (21) 

dt  

which has a steady state value 

We have dwelt a bit on the parallel treatment of the 
white noise and Ito models because the reliability of such 
stochastic calculations has been burdened by the ambiguity 
pertaining to which of the interpretations [ (15) or ( l 6 ) ]  
may apply to the physical problem. We are fortunate here 
not to have to resolve this question because the terms ac- 
counting for the difference between (20) and (22) are 
numerically negligible. The final implication is that the 
results of our calculations are free from irksome ambigui- 
ties. Figure 2 bears out this claim for the photosynthetic 
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Fig. 2. Comparison of "white noise" and It0 models: microscopic 
rate as a function of depth. 

rate calculated for different values of average depth 
the formula 

from 

- R m ( z  9) = k D  MX.8  

Since, in practice, the photosynthetic rate would actually 
fluctuate about the mean rate, we obtain the variance V(z 
2)  from 

v(Z, 2) = E[R(Z,  $1 - iL(Z 4 1 2  

= kD2 [ W Z ( ~ ,  u2) - Mx2] 

where W , ( z  2) ,  the second moment of x ( t ) ,  is found 
from the Fokker-Planck Equation (17) or (18).  For (17) 
we obtain the steady state value 

(23) 
[ k L  7 (Z 2) - 2 ~ L ~ D I ] M , ,  + k2Di 

wz,s = 
k L i ( Z 2 )  4- k ~ - 2 D i  

The corresponding coefficient of variation of photosynthetic 
rate about the mean value, denoted S (Z, u2), is given by 

- -  

The preceding quantity is a relevant calculation because 
a large coefficient of variation about a slight enhancement 
of photosynthetic rate over that for laminar" flow would 
offset the advantage. 

Now, the macroscopic photosynthetic rate is obtained by 
integrating Rm w.r.t. 2: If oxygen consumption for respira- 
tion is accounted for, the net photosynthetic rate in terms 
of oxygen production is given by 

(25 )  
where k,.p is the respirational rate. When u is put equal to 
zero in ( 2 5 ) ,  we have the result obtained by Fredrickson 
et al. (1961) for the unstirred case. 

The efficiency of photosynthesis is given by 

* By laminar flow here is meant a situation where cells do not receive 
transverse motion in the direction towards or away from light. 

Since neither low rate and high efficiency of photosynthesis 
nor high rate and low efficiency are satisfactory, the pro- 
ductivity P ( u2) given by 

P(u2.2) =E(2) E(o-2) (27) 
is a more desirable quantity of comparison in evaluating 
photosynthesis in turbulent flow with respect to that in 
stagnant or laminar flow situations. 

The values of rate constants and other parameters used 
in the calculations are presented in Table 1. 

RESULTS FOR MODELS A AND B 
AND DISCUSSION 

We present no details of model B which are present 
elsewhere (Sheth, 1974). The results are, however, shown 
in Figures 5 through 12. 

Figure 2 shows the performance of model A in predict- 
ing the microscopic photosynthetic rate at  various points 

014 I t 0  model 

Intensity 100 kilolux 
Culture density lOml cel ls i l  

r 
d 0 )  

a 0 07 

A 005 

003 . 0 01 

0 I 1 T T 1 1 r 1 T 

Depth i cm 

Fig. 3. Coefficient of variation as o function of depth. 
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Fig. 4. Effect of noise parameter u on macroscopic rote. 
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TABLE I 

0.52 x 10-3 3.86 x 10-3 
g-mole 02/hr-kilolw- g-mole Odhr-ml cells 

ml cells 

0 0.02 0.04 0 06 0.08 0.10 
r 

Fig. 5. Effect of noise parameter u on macroscopic rate. 

in the channel. Higher levels of turbulence, implied by 
larger values of U, are seen to improve the photosynthetic 
rate at all positions in the channel. The coefficient of varia- 
tion about the average photosynthetic rate [see Equation 
(24)] appears in Figure 3 as a function of channel depth. 
The variations increase near the channel surface because 
of large light intensity gradients near the surface; this 
effect is even larger for higher culture densities. For the 
most part, it can be seen that the improvement in photo- 
synthetic rate is well above the variation about the average 
value. 

The macroscopic rate of photosynthesis is shown in Fig- 
ure 4 for both models A and B as a function of the stan- 
dard deviation about mean cell positions in the channel at 
various light intensities. Models A and B predict almost 
identical results. Figure 5 shows the situation at a higher 
culture density. From Figures 4 and 5, it is seen that for 
increasing values of U, both models A and B show an in- 
crease in the photosynthetic rate. This increase is signifi- 
cantly higher at higher culture densities, which is in agree- 
ment with the conditions stated by Kok ( 1953). 

An important further point to be noted from Figure 5 
is that for equal values of U, model A predicts a greater 
increase in rate, apparently contradicting a popular view 
that rapid periodic motion of an algal cell is superior to 
purely random motion in bringing about the intermittency 
effects. However, it should be realized that the random mo- 
tion may subject the algal cells to deviations much greater 
than U; even if the probability of such deviations is small, 
they expose the cells to very high light intensities near the 
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surface and virtually complete darkness away from the 
surface. 

Figure 6 shows the macroscopic photosynthetic rate plot- 
ted as a function of light intensity. Clearly, the rate is in- 
creased considerably for both models A and B, although 
well below that for complete mixing. Since experimental 
work has not ever produced such dramatic increases as 
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Fig. 9. Macroscopic productivity as a function of light intensity. 

shown by the complete mixing model, it must be concluded 
that complete mixing cannot be approached even closely. 
For low light intensities;however, Figure 7 shows that 
models A and B predict a higher rate than the complete 
mixing model, which suggests that there may exist opti- 
mum degrees of turbulence for realizing the intermittency 
effects. This finding can be explained physically. In a dense 
culture, for low intensities, the bulk of the culture is in 
complete darkness, and only a thin layer is illuminated. On 
volume averaging, the light intensity may therefore become 
very small, thus lowering the rate even for the complete 
mixing model. The situation is not as bad for models A 
and B w.r.t. average light intensity; besides, intermittency 
effects are also realized. The rates are negative in Figure 7 
because oxygen requirements for respiration exceed oxygen 
production for photosynthesis at low levels of illumination. 

Figure 8 shows the macroscopic efficiency [Equation 
(26) J as a function of light intensity. An interesting aspect 

J 

I I I I I 

Culture dens i ty ,ml  ce l l s l l  

Fig. 11. Macroscopic rate as a function of culture density. 
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TABL.E 2 

(9 

0 - 
“b 
IN‘ 

kl k2 4 klss 

6.7 x 10‘0 2.1 x 10s 4.6 x 10-6 3.6 x 108 
g/mole x s s-1 Lux-’ s-1 g/mole-s 

of Figure 8 is that models A and B predict a monotonic 
decrease in efficiency with increasing illumination at low 
as well as high levels, unlike the complete mixing model 
which shows a point of maximum. This behavior is con- 
sistent with the experimental results of Miller et al. (1964). 
I t  is also evident from Figure 8 that at low light intensities, 
the macroscopic efficiencies predicted by models A and B 
are greater than those predicted by the complete mixing 
model. This result was speculated by Fredrickson et al. 
(1961). 

The macroscopic productivity calculated from Equation 
( 2 7 )  is plotted vs. light intensity in Figure 9. The curve 
shows a maximum, which shifts to smaller values of light 
intensity as culture density increases. Since the produc- 
tivity accounts for both rate and efficiency, it seems de- 
sirable to use this function for optimal conditions. 

Figures 10 and 11 display the macroscopic rate vs. cul- 
ture density at two different light intensities. From Figure 
11, it is obvious that at low intensities and high culture 
densities, the level of turbulence becomes extremely 
critical. 

While models A and B have produced very useful in- 
formation indicating that turbulence may be an asset for 
improving photosynthesis, their drawback lies in their 
idealizations. We consider below more r5alistic models for 
the random algal motion. The first of those, which will be 
called model 1, overcomes the objection to model A in that 
Equations (8) and ( 10) are inconsistent. 

Model 1 
The first obvious remedy is to assume that 0,’ is white 

noise so that Z’( t )  becomes an autocorrelated process. 
Thus, we assume for model 1 that Z’(t) is a stochastic 

process with the properties 

E [ Z ’ ( t ) ]  = 0, E [ Z ’ ( t ) Z ’ ( t  + T ) ]  = uZ2 e-kT (28) 

where uZ2 is the variance of 2’. This is the same as postu- 
lating that Z’ satisfies the differential equation 

Model 1 

Intensity 10000 lux 

Culture density 10ml cells11 

Mean depth 0 1 cm 

N o m  parameters 

k.100 c : O  01 

Sample paths 100 

(29) 
dZ’ - = -kz’ + uk t ( t )  
dt 

1 4 -  

“ b -  

w i t h 2  = 2crz2/k. 
We use Tamiya’s rate mechanism for photosynthesis in- 

corporating Beer’s law for the distribution of light inten- 
sity in the channel: 

Model 1 

tntensily IOOOOIUX 

Culture denstty 10ml cells!\ 

Nouse parometers 

- kl[S’] - kl [S’ ] (e  - [ E z ] }  - 2 kss[S’]2 (30) 

d 
dt - [&I = ki[S’]{e - [&I) - k2[E2I (31) 

The simultaneous solution of Equations (29), (30), and 
(31) subject to initial conditions is required to realize the 
predictions of model 1. The Fokker-Planck equation may 
be readily identified for the multivariate probability den- 
sity for the processes in the above equations. However, the 
solution of this equation is exceedingly difficult so that we 
resort to a direct numerical solution of Equations (29), 
(30), and (31) by an algorithm due to Rao et al. ( 1974b). 
The details of the computation are present elsewhere 
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Fig. 12. Mean microscopic rate versus time: approach to steady state. 
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Fig. 13. Mean microscopic rate as a function of depth. 
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Fig. 14. P.C. changes in microscopic rate as a function of depth. 

TABLE 3 

104 100 1.5 x 10-2 3.00 
1.25 x 1 0 4  125 1.1 x 10-2 3.75 
1.60 x 104 160 0.835 x 10-2 4.80 
2.0 x 104 200 0.64 x 10-2 6.00 
2.5 x 104 250 0.455 x 10-2 7.50 

different values of z and integration numerically over the 
channel width. This was not done because of excessive 
computation times.* Instead, the microscopic rates were 
computed over widely varying values of r f r o m  which the 
behavior of the macroscopic rate could be inferred. Figure 
13 shows the results of such calculations from which the 
macroscopic rate can be seen to have been enhanced by 
turbulence. In Figure 14, the percent change in the mi- 
croscopic rate over that for stagnant or laminar flow is 
plotted for different light intensities as a function of depth. 
The curves show a maximum shifting towards the deeper 
ends with increasing light intensity. I t  is clear that mix- 
ing near the surface is not of value, but for cells near the 
center, mixing produces substantial increase in photosyn- 
thetic rates. In deeper regions, where mixing is not suffi- 
cient to transport the cells into high intensity regions, the 
increase in rate drops off. From this behavior it is evident 
that for certain critical values of I,, the level of turbulence 
may become extremely critical. 

Model 2 
Although model 1 is an improvement over models A and 

B, it does not use any available hydrodynamic information 
about channel flow. We now consider a model 2, which is 
exact only for homogeneous turbulence and relates pa- 
rameters of the model to experimental data. The basis for 
the model is offered by Taylor's theory of diffusion (Tay- 
lor, 1936). It is readily shown that for a process Z ( t )  in 
Equation (8) the autocorrelation function defined by 

- 
Zz(t) = lim - ST Z2( t  + T )  dT (32) 

T+m T o 

is given by 

* Calculations were performed on an IBM-7044. Computations of this 
kind can be performed readily on more modem computers. 

The Lagrangian correlation coefficient is defined as 

By an elementary transformation, Equation (33) can be 
modified to accommodate (34) and to obtain 

which was obtained by Taylor (1936). Although the La- 
grangian correlation is unknown, it has been customary to 
assume that g L ( T )  has the form 

gL(7)  = e - T / T L  (36) 
where T L  is the Lagrangian time scale defined by 

Using (36) in (35),  we obtain 

(37) 

t 
D ( t )  = 2 G T L 2  [ - - ( 1  - e-t'Tfi) ] - 

(38) TL 
The eddy diffusion coefficient is d e h e d  as 

(39) 

so that for times large with respect to the time scale TL, 
that is, - << 1, we have 

t 
TL 

Equation (40) represents the means to use experimental 
information on measurements of 2 (which is the same as 
the turbulence intensity 9, since nz = 0) and the eddy 
diffusion coefficient D to get TL. Flint et al. (1960) have 
experimentally measured. D for a point source turbulent 
diffusion in a pipe, which will be used in our calculations, 
They have presented a correlation for D as a function of 
Reynolds number. Laufer (1951) has measured 2 for 
turbulent flow in a channel, which together with measure- 
ments of D can be used in Equation (40) to calculate 7'~. 
Thus, a reasonably realistic description of algal motion is 
at hand. 

In order that (34) and (36) hold, we need only 
postulate that the velocity fluctuation 0,' satisfy the differ- 
ential equation 

- 

Model 2 is therefore mathematically represented by the 
simultaneous differential Equations (41) ,  ( 5 ) ,  (30), and 
(31),  which are to be solved subject to initial conditions. 
Again, the algorithm of Rao et al. (1974) was used to 
obtain sample pathwise solutions from which average 
values of microscopic rates are obtained. Table 3 shows 
the calculated values of TL, U,, a n d 2  for different Reyn- 
olds numbers (based on channel width) which were used 
in the simulation. 

The percent increase in microscopic rate is plotted vs. 
Reynolds number for two different mean depths in Fig- 
ures 15 and 16. The decrease in rate in Figure 15 rein- 
forces earlier conclusions that mixing near the surface 
can be a disadvantage, especially at higher light inten- 
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Fig. 15. Percent change in microscopic rate as a function of Reynolds 

number. 

sities. Further down into the channel noticeable increase 
in photosynthetic rate may be observed from Figure 16. 
At the lower light intensity, an optimum degree of tur- 
bulence is evident, although it may vary with mean depth. 
Figure 17 shows the effect of light intensity at a fixed 
Reynolds number and mean depth on the percent increase 
in microscopic rate. Substantial increase may be observed 
at lower light intensities. In Figure 18 the increase in 
microscopic rate over most of the depths in the channel 
indicates a net increase in the macroscopic rate. Unfortu- 
nately, since computational facilities were conerained to 
a second-generation computer, no calculations could be 
made on macroscopic rates and efficiency of energy utiliza- 
tion or productivities. 

CONCLUSIONS 
From the different stochastic models of channel flow pre- 

sented here, we can conclude that turbulent action in a 
channel improves the rate and efficiency of photosynthesis. 
The extent of improvement critically depends on the light 
intensity, culture density, and the degree of turbulence. 
An interesting aspect of the calculations is that mixing pro- 
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Fig. 17. Effect of light intensity on microscopic rates. 
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Fig. 16. Percent change in microscopic rate as a function of Reynolds 
number. 

duces substantial improvements in microscopic rate in 
certain locations, but not in others. This is a useful guide 
to the strategic location of turbulence promoting devices 
such as wire b d e s  that could conceivably produce even 

80 1 

Model 2 
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Intensity 1000 lux 

Culture densi ty 15mlcellr 

-201 b ,  I I I I 

Mean dep th  r ,  cm 

Fig. 18. Percent change in microscopic rate as a function of depth. 
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greater improvements in yields, On the basis of the re- 
sults presented here, it would seem worthwhile to investi- 
gate cultivation of mass cultures of algae in open channels 
exposed to sunlight with a view to efficient utilization of 
solar energy. 

Since photochemical reactions, in general, possess fea- 
tures similar to those of photosynthesis, the methodology 
presented in this paper would be applicable to these situa- 
tions also. 

NOTATION 

C = constant in Tamiya rate mechanism 
D = eddy dispersion coefficient 
D1 = variance in Equation (14) 
E = enzyme, also, statistical expectation, efficiency 
g L  = Lagrangian correlation coefficient 
h = Planck constant 
Z = light intensity 
k 
L = channel depth 
M, = meanofx  
P = productivity 
R,  = mean microscopic rate of photosynthesis 
R = macroscopic photosynthetic rate 
S = coefficient of variation of photosynthetic rate 
t = time 
U ,  = mean velocity at the center of channel 
W = Wiener process, W,, second moment of x 
2 = position of algal cell 
Z = mean position of cell 
Greek Letters 
/3 = Beer’s law coefficient 
S = Dirac delta function 
c 
Y = frequency of light 
p = culture density 
u = standard deviation 
r 
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Measurement of Zeolitic Diff usivities and 
Equilibrium Isotherms by Chromatography 

The chromatographic method has been used to study the sorption and 
diffusion of methane, ethane, propane, and cyclopropane in 5A molecular 
sieve. Both the equilibrium isotherms and the time constants for zeolitic 
diffusion, obtained from the chromatographic peaks, agree well with the 
values obtained previously by the gravimetric method, thus confirming the 
validity of the experimental technique. The results obtained in several 
previously reported chromatographic studies are reviewed, and it is shown 
that the apparent discreoancies between chromatogranhic and gravimetric 
data arise mainly from differences in the way in which the micropore dif- 
fusivity is defined. The relative advantages and disadvantages of the gravi- 
metric and chromatographic methods are briefly considered. 
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and 
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SCOPE 
The chromatographic method has been suggested as 

an alternative to the conventional gravimetric or volu- 
metric methods for studying the kinetics and equilibrium 

of sorption in biporous adsorbents such as molecular sieves. 
However, there has been no detailed comparison between 
results obtained, under comparable conditions, by chroma- 
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